We study how the properties of a Lagrangian density for a single real scalar field in flat spacetime change with inclusion of an overall factor depending only on the field. The focus of the paper is to obtain analytical results. So, we show that even though it is possible to perform a field redefinition to get an equivalent canonical model, it is not always feasible to write the canonical model in terms of elementary functions. Also, we investigate the behavior of the energy density and the linear stability of the solutions. Finally, we show that one can find a class of models that present the same energy density and the same stability potential.
I. INTRODUCTION
In physics, topological structures appear in several contexts and have been quite investigated over the years [1] [2] [3] . The most known ones are kinks, vortices and monopoles, which are static solutions of the equations of motion. The simplest structures are kinks, which appear in the presence of scalar fields in (1, 1) spacetime dimensions. Usually, they are linearly stable in relativistic field theory. Because of its intrinsec simplicity, kinks can be used, among the many applications, to describe some specific behavior in magnetic materials, superconductors, topological insulators and in other systems in condensed matter [4] . In curved spacetime, kinks may be used to model the fifth dimension in braneworld models with a single dimension of infinite extent [5] [6] [7] [8] [9] .
In Ref. [10] , generalized models were introduced in a context of inflation. It was shown that generalized scalar kinetic terms can drive inflationary evolution without the presence of potential terms. Also, they were used to explain why the universe is in an accelerated expansion at a late stage of its evolution [11, 12] . Another motivation to study non-canonical models comes from superstring theories. Concerning the tachyon field [13, 14] , the dynamics is modified in a very similar manner to the Born-Infeld concept [15] of electrodynamics, which introduces nonlinear contributions that works to smooth the divergences of the standard case. In Ref. [16] , the study of global topological defects was started by considering modifications in the kinetic term of the Lagrangian density. Over the years, defect structures have been vastly studied in generalized models; see Refs. [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] .
In this paper, we suggest a class of generalized models and study its properties in flat spacetime, by finding analytical results. In Sec. II, we present the model and investigate the fact that, even though a field redefinition to recover the canonical model can be performed, it does not always produce a Lagrangian density that can be explicitly written in terms of elementary functions, which is the scope of the paper. We then go on and search for analytical solutions, as well as their energy densities. To verify the robustness of the model, we also investigate the stability of the kinklike solutions under small fluctuations. We elucidate the possibilities that this new class of models engenders, such as sharing the same energy density and the same stability potential. Finally, in Sec. III, we show our conclusions and perspectives.
II. THE MODEL
Let us consider the action corresponding to the standard theory for a single scalar field in a D-dimensional
andṼ (χ) is the potential. In this paper, we introduce a modification in the standard theory by an additional function f (φ):
One may wonder if the standard Lagrangian density (1) can be recovered by redefining the field in (2). Indeed, by taking an auxiliary function h = h(φ) as
one can show that the change χ = h(φ) makes the lagrangian (2) become the one in Eq. (1), whereṼ (χ) = V (h −1 (χ))f (h −1 (χ)). Of course there are some cases in which the field redefinition is very simple. If we consider, for instance,
and
we obtain h(φ) = sin(φ) which gives φ = arcsin(χ). This will produceṼ (χ) = (1/2)(1 − χ 2 ) 2 . However, finding an analytic expression for h(φ) as well as its inverse function is not always possible to be written in terms of elementary functions. This fact is what makes this study interesting.
The scope of this paper is to investigate the model (2) deeply. Firstly, we need to understand how the inclusion of the function f (φ) modifies the dynamics of the scalar field by comparing it to the standard model (f (φ) = 1). The equation of motion for the Lagrangian (2) can be written as
and the energy momentum tensor is
For static solutions, that is φ = φ(x), the equation of motion reduces to
By integrating this equation, we get
where C is a integration constant. The above equation allows us to write Eq. (7) as
This shows that all models with arbitrary f (φ) have the same solutions only for C = 0. Because of that, φ ′′ = V φ , which is exactly the same of the standard case, that is, f (φ) = 1. Coincidently, topological stable solutions must have C = 0 to have finite energy [17] . Then, the modification present in Eq. (2) does not change the profile of the topological solutions of the standard model. This quantity C is the stress of the solution, T 11 . On the other hand, by using Eq. (6), we obtain the energy density
For C = 0 in Eq. (8), one can show that the energy density simplifies to
From the above equation, we can see that, if we know the solution for the standard model, which happens for f (φ) = 1 in Eq. (2), we also know the energy density for the modified model. We then have a family of models that support the same solutions, but has different energy densities. For a general one-dimensional time dependent solution φ(x, t), we can calculate the energy density and integrate to get the energy
By using an auxiliary function, W = W (φ), in the form
we can write the energy as
Following the BPS formalism [27, 28] , we see each term of the above equation is non-negative. Then, we can ensure that the energy is bounded, E ≥ E B . This bound allows us to see that the minimum energy is E = E B and is achieved for solutions that obey the equationsφ = 0 (static solutions) and
which, in general, are first-order nonlinear differential equations. We note that W (φ) may be obtained analytically. The above formalism allows us to find the energies without knowing the solutions. The only information needed to calculate the energy is the minima of the potential. We take the sine-Gordon potential given by Eq. (4a). The set of topological solutions is
connecting the minimaφ = ±(2n + 1)π/2, where n ∈ Z. In order to analyze which role this new function f (φ) plays in the game, we consider four different functions:
whose theories admit the solution (16) . Notice that f 0 (φ) is the standard case and f 2 (φ) was considered previously as a trivial case in Eq. (4b). We can use Eq. (8) to plot in Fig. 1 the derivative as a function of the field itself for each f (φ) and several values of the constant C. The graphic shows us that only the curves for C = 0 are equal, regardless the f (φ) chosen, as expected. Other values of C shows different behaviors as we change f (φ). We use Eq. (13) to find
where sgn(cos(φ)) is the signal function of cos(φ). Thus W 0 (±π/2) = ±1, W 1 (±π/2) = ±π/4, W 2 (±π/2) = ±2/3 and W 4 (±π/2) = ±8/15, which give the energies E 0 = 2, E 1 = π/2, E 2 = 4/3 and E 4 = 16/15. The energy densities are
obtained from Eq. (11). We plot them in Fig. 2 .
The above examples can be generalized by considering
where n is a positive real number. In this case, we get the energy density ρ(x) = T 00 = 2(2V (φ(x))) n+1 . Considering the sine-Gordon potential given in Eq. (4a), we get ρ(x) = 2 sech 2n+2 (x). Furthermore, it is possible to find, using Eq. (13) , that
(21) The above expression leads to the functions obtained in Eq. (18) . Moreover, W (±π/2) = ± √ π Γ(n + 1)/(2 Γ(n + 3/2)), which gives the energy E = √ π Γ(n + 1)/(Γ(n + 3/2)).
As another example, we consider, using the potential (4a), a different class of functions, which are not even nor odd:
where p = 1, 3, 5, . . . . If we take p = 1 and rebuild its respective canonical field theory as done in Eq. (3), we get h(φ) = 2 cos(φ)/ 1 − sin(φ). This produces V (χ) = χ 2 (8 − χ 2 ) 2 /128. Again, we can use Eq. (8) to plot in Fig. 3 the derivative as a function of the field itself for each f (φ) and several values of the constant C. Only the curves with C = 0 are equal, regardless the choice of p in Eq. (22) . The energy density for this case, from Eq. (11), is
which is plotted in Fig. 4 . Note that the energy density presents an asymmetric profile. This happens because of the asymmetry of the function (22) . It is possible to find, by using Eq. (13) , that In the sector φ ∈ [−π/2, π/2], to calculate the energy we must know that W (±π/2) = ±1 ∓ 1/(p + 1). Then, the energy is E = 2 − 2/(p + 1).
A. Linear Stability
We now study the behavior of the static solution in the presence of small fluctuations. We then take φ(x, t) = φ(x)+ k η k (x) cos(ω k t), where φ(x) is the static solution of Eq. (9), in the time-dependent equation of motion (5) and use Eq. (7) to obtain
This is a Sturm-Liouville equation. The zero mode is given by η 0 (x) = φ ′ (x). Considering C = 0, we get
The solution is stable if ω k ∈ R.
We must define a new function, given by u k (x) = f (φ(x)) η k (x), to transform Eq. (25) into the Schrödinger-like equation:
This shows ω 2 is non-negative for a well behaved W (φ), which implies that the solutions with C = 0 in Eqs. (7) and (8) 
Note that the case n = 0 reproduces the standard case, f (φ) = 1. The operator (33) assumes the form
Considering the sine-Gordon potential given by Eq. (4a) and its solution (16), we get
It admits the solution
where f 0 and B are integrating constants. Although, for a given potential V (φ), the above class of fuctions f (φ) presents the same solution and the same stability potential of the case f (φ) = 1, the energy densities are different.
However, there is another possibility to consider: the function f (φ) in the Lagrangian density (2) gives us the chance to find a set of pairs formed by f (φ) and V (φ) that does not change the energy density. This makes Eq. (11) to become a constraint between f (φ(x)) and V (φ(x)). Nevertheless, as the energy density does not change, the solution changes, since it depends on the potential V (φ) in Eq. (9) with C = 0. We can always write the stability potential as a function of the energy density, which is given by Eq. (11). Then, Eq. (29) becomes
The above potential stability does not change if we choose f (φ) and V (φ) to generate the same energy density. This result can lead us to think that there is only one ρ(x) for each U (x). Nonetheless, by considering ρ(x) = 2f (φ(x))V (φ(x)), with f (φ(x)) given by Eq. (40), one can show that the stability potential associated tõ ρ(x) is the same of the standard case, that is U = V φφ , because the constraint (39) is satisfied by f (φ(x)). Therefore, different energy densities can lead to the same stability potentials.
III. OUTLOOK
We have studied how the inclusion of a function of the scalar field in the Lagrangian density modifies the properties of the model. In (1, 1) flat spacetime dimensions, the specific form of the Eq. (7) allowed us to find models whose stressless solutions are independent of f (φ). This result cannot be extended for models with more than one field. However, it is possible to perform the same treatment for generalized models with a single scalar field. The generalized action S = d 2 xf (φ)L (φ, X) with X = 1 2 ∂ µ φ∂ µ φ (42) leads to the following equation of motion for static solutions
Again, the right hand of the equation is null for stressless solutions. In this case, the function f (φ) does not contribute to the equation of motion. Note that, in contrast to the model (2), we cannot always peform a field redefinition to eliminate the function f (φ). Even though these models share the same field profile, it is clear that the energy density and the linear stability is not same for an specific solution. The study of the time dependence of these solutions is of current interest. One can investigate how the inclusion of the function f (φ) changes the integrability of known models, as the sine-Gordon model, for instance. Another possibility is to investigate the formation and evolution of domain wall networks. One can also investigate how this function modifies the braneworld scenario with an extra dimension of infinite extent.
